The aim of this paper is to introduce the notion of the n-th product level ps n of an associative unital ring and study its properties. Our main results are that every Noetherian ring A with ps n (A) < ∞ for some n ∈ IN has ps nl (A) < ∞ for every odd number l (Theorem 8) and that for every even n ∈ IN there exists a skew-field D with ps n (D) = 1 and ps 2n (D) = ∞ (Theorem 9). This is in a sharp contrast with the commutative case. Namely, by Proposition 4.6 in [4], for every commutative unital ring R with ps 2 (R) < ∞ we have that ps n (R) < ∞ for every n ∈ IN.
DEFINITIONS AND ELEMENTARY EXAMPLES
Let A be an associative unital ring and n ∈ IN. Write Π n (A) for the set of all elements from A expressible as products of n-th powers of elements from A or permutations of such products. For example, xyzyxz ∈ Π 2 (A) for all x, y, z ∈ A. Write Σ n (A) for the set of all finite sums of elements from Π n (A).
If −1 ∈ Σ n (A), then we look for the shortest expression of −1 as a sum of elements from Π n (A). The number of terms in this expression is denoted by ps n (A). If −1 ∈ Σ n (A), then we write ps n (A) = ∞. The invariant ps n (A) will be called the n-th product level of A. If n is odd, then ps n (A) = 1 for every A.
The book [20] surveys the results about the level (= ps 2 ) of commutative rings. The ps n of commutative rings is considered in [14] , [4] and [3] . The ps n of a commutative ring is the number of terms in the shortest representation of −1 as a sum of n-th powers.
The ps 2 of skew-fields is just the usual product level s π . This follows from the fact that every multiplicative commutator is a product of three squares.
If ps 2 (D) = ∞, then D has a linear ordering and it is infinite-dimensional over its center, see [1] and [26] or Section 18 in [15] . In [24] , A. Tschimmel and W. Scharlau construct for every positive integer m an infinite-dimensional skew-field D such that ps 2 (D) = m. A. Wadsworth [29] shows that every evendimensional skew-field D has ps 2 (D) = 1. In [16] , D. B. Leep, J. P. Tignol and N. Vast show that every odd-dimensional non-commutative skew-field whose center is a local or global field has ps 2 (D) = 2. They also construct an odd-dimensional skew-field with product level 4.
We start with three elementary examples. 
Proof. If ps n (U k (R)) ≤ m, then comparing the diagonal entries we see that ps n (R) ≤ m. If ps n (R) ≤ m, then −I k is a sum of at most m scalar matrices.
It follows that ps
Example 2 For every even n ∈ IN \ {0} and every group G we have that
Proof. Note that the ring Z Z is a homomorphic image of the ring
Example 3 Let M k (R) be the ring of all k × k matrices over an associative unital ring R. Then for every n we have that ps n (M k (R)) = 1 if k is even and
Proof. Since every associative unital ring contains a copy of the ring Z Z m for some positive integer m and since Z Z m is a homomorphic image of Z Z we have
Note that every multiplicative commutator belongs to Π n for every n.
If k is an even number, then the assertion follows from
If k is odd and ≥ 3, then write k = 2m + 3,
, where the matrices A 2 , B 2 , A 3 , B 3 are defined by
We have that 
the second group is defined as the minimal group containing all transvections and the third group is the commutator subgroup of the second one. Q.E.D.
ORDERINGS OF HIGHER LEVEL
Let A be an associative unital ring. A mapping σ : A → C C is a signature
is additive and σ(A) n = 1 for some n ∈ IN \ {0}. Any such number n is an exponent of σ. Any set of the form P σ for some signature σ is called an ordering.
The set of all orderings with exponent n on a ring A will be denoted by Sper n (A). Orderings on commutative rings are explored in [5] and [6] . Orderings on noncommutative rings are considered in [13, 17] (exponent 2) and in [11, 21, 22, 8, 7, 9 ] (higher exponents).
Example 4 For every associative unital ring R and every
Proof. Note that the set J k (R) of strictly upper triangular matrices is a two-sided ideal in the ring U k (R). Since every element of J k (R) is nilpotent, it is contained in every completely prime ideal of U k (R). It follows that ev- The following example shows how to apply Proposition 5 to compute higher product levels.
Example 6 Let A be an associative unital ring such that either
Proof. Note that in both cases the elements x 
VALUATIONS ON SKEW-FIELDS
Let P be an ordering with exponent n on a skew field D. Write A(P ) = {a ∈ A| ∃r ∈ C Q + : r ± a ∈ P }, Arch(P ) = {a ∈ A| ∀r ∈ C Q + : r + a ∈ P } and I(P ) = Arch(P ) ∩ −Arch(P ).
Proposition 7
With P and D as above:
1. the set A(P ) is an invariant valuation ring with maximal ideal I(P ),
we have that
A(P ) \ I(P ) ⊆ P ∪ −P ,
the set Arch(P ) ∩ A(P ) is an archimedean ordering with exponent 2 on
A(P ).
Proof. Assertion 3. is a consequence of 1. and 2. Assertion 1. is an easy consequence of Satz 2.2 from [2] . It is proved in [9] . The commutative case of the assertion 2. is a part of the proof of Satz 2.2 from [2] . The same proof works in the noncommutative case if we use the version of the Kadison-Dubois representation Theorem from [22] . Q.E.D.
Let D be a skew field and Γ a totally ordered group written multiplicatively. By the first assertion of Proposition 7, the set A(P ) is an invariant valuation ring in D. Let v be its (invariant) valuation and Γ its value group. Assume that s 0 + s 1 + . . . + s k = 0 for some s 0 , s 1 , . . . , s k ∈ Π n (A(P )). We may assume that
A mapping v : D → Γ ∪ ∞ is a valuation if v(a) = ∞ if and only if a = 0 and for every a, b ∈ D \ {0} we have that v(ab) = v(a)v(b) and v(a + b) ≥ min(v(a), v(b)). A valuation v is invariant if v(a) ≥ 1 implies that v(cac
Clearly, we have that For elements φ, ψ ∈ A((Γ, c)) we define the sum φ + ψ and the product φ * ψ
c(r, s)φ(r)ψ(s).
It is shown in Section 4 of [18] that both operations are well-defined and that 
